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In this work we have revisited a few principal formulae about one-tangle of multipartite entanglement of
fermionic systems in noninertial frames calculated in the paper [Phys. Rev. A 83, 022314(2011)] and given
their correct expressions.
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Studying entanglements of quantum systems in a noniner-
tial frame is an important field of quantum information the-
ory. In a seminal work, P. M. Alsing et al analyzed the en-
tanglement between two modes of a free Dirac field regarded
as two relatively accelerated parties [1]. Wang and Jing ex-
tended Alsing’s study to three observers. They assumed Al-
ice, Bob and Charlie initially share a Greenberger-Horne-
Zeilinger (GHZ) state, and then let Alice keep stationary while
Bob and Charlie move with uniform acceleration. They inves-
tigated this tripartite entanglement of the fermionic systems in
noninertial frames using pi-tangle [2]. The authors of [2] con-
sidered the fact that ”Bob and Charlie’s subsystems are sym-
metrical in this case”. This implies that Eq.(15) in [2] keeps
unchanged if we exchange acceleration parameters rb and rc
each other, Eqs.(16) and (17) in [2] should be exchanged each
other. The symmetrical properties of Eqs.(15), (16) and (17)
between rb and rc are not appeared explicitly. To illustrate
their symmetries, we can rewrite them in the following form
NA(BICI) =
1
2
[cos rb cos rc − sin2 rb sin2 rc
+
√
sin4 rb sin
4 rc + cos2 rb cos2 rc], (1a)
NBI (ACI) =
1
2
[cos rb cos rc − sin2 rb cos2 rc
+ cos rc
√
sin4 rb cos2 rc + cos2 rb], (1b)
NCI(ABI ) =
1
2
[cos rb cos rc − cos2 rb sin2 rc
+ cos rb
√
cos2 rb sin
4 rc + cos2 rc]. (1c)
As key formulae and main calculating results, equations (15)-
(17) in [2] are incorrect, all successive calculations related to
them are incorrect accordingly. Considering this paper was
cited more than thirty times and had a certain impact on quan-
tum information theory since its publication in 2011, we shall
recalculate three one-tangles and give correct formulae for the
negativitiesNA(BICI),NBI (ACI) andNCI(ABI) in this paper.
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Let us begin with the wave-function of this system. After
making some typos corrected, Eqs.(12) and (13) in [2] read
|Φ〉ABIBIICICII =
1√
2
[cos rb cos rc|0A0BI0BII0CI0CII 〉
+ cos rb sin rc|0A0BI0BII1CI1CII 〉
+ sin rb cos rc|0A1BI1BII0CI0CII 〉
+ sin rb sin rc|0A1BI1BII1CI1CII 〉
+ |1A1BI0BII1CI0CII 〉] , (2)
ρABICI =
1
2
[
cos2 rb cos
2 rc|0A0BI0CI 〉〈0A0BI0CI |
+ cos2 rb sin
2 rc|0A0BI1CI 〉〈0A0BI1CI |
+ sin2 rb cos
2 rc|0A1BI0CI 〉〈0A1BI0CI |
+ sin2 rb sin
2 rc|0A1BI1CI 〉〈0A1BI1CI |
+ cos rb cos rc(|1A1BI1CI 〉〈0A0BI0CI |
+ |0A0BI0CI 〉〈1A1BI1CI |)
+ |1A1BI1CI 〉〈1A1BI1CI |] , (3)
from which we can partially transpose subsystems A, BI and
CI of Eq.(3), respectively, and obtain
ρTAABICI =
1
2
[
cos2 rb cos
2 rc|0A0BI0CI 〉〈0A0BI0CI |
+ cos2 rb sin
2 rc|0A0BI1CI 〉〈0A0BI1CI |
+ sin2 rb cos
2 rc|0A1BI0CI 〉〈0A1BI0CI |
+ sin2 rb sin
2 rc|0A1BI1CI 〉〈0A1BI1CI |
+ cos rb cos rc|0A1BI1CI 〉〈1A0BI0CI |
+ cos rb cos rc|1A0BI0CI 〉〈0A1BI1CI |
+ |1A1BI1CI 〉〈1A1BI1CI |] . (4a)
ρ
TBI
ABICI
=
1
2
[
cos2 rb cos
2 rc|0A0BI0CI 〉〈0A0BI0CI |
+ cos2 rb sin
2 rc|0A0BI1CI 〉〈0A0BI1CI |
+ sin2 rb cos
2 rc|0A1BI0CI 〉〈0A1BI0CI |
+ sin2 rb sin
2 rc|0A1BI1CI 〉〈0A1BI1CI |
+ cos rb cos rc|0A1BI0CI 〉〈1A0BI1CI |
+ cos rb cos rc|1A0BI1CI 〉〈0A1BI0CI |
+ |1A1BI1CI 〉〈1A1BI1CI |] . (4b)
2ρ
TCI
ABICI
=
1
2
[
cos2 rb cos
2 rc|0A0BI0CI 〉〈0A0BI0CI |
+ cos2 rb sin
2 rc|0A0BI1CI 〉〈0A0BI1CI |
+ sin2 rb cos
2 rc|0A1BI0CI 〉〈0A1BI0CI |
+ sin2 rb sin
2 rc|0A1BI1CI 〉〈0A1BI1CI |
+ cos rb cos rc|1A1BI0CI 〉〈0A0BI1CI |
+ cos rb cos rc|0A0BI1CI 〉〈1A1BI0CI |
+ |1A1BI1CI 〉〈1A1BI1CI |. (4c)
The ρTAABICI , ρ
TBI
ABICI
and ρ
TCI
ABICI
are given in the following
matrix form
ρTAABICI =
1
2


cos2 rb cos
2 rc 0 0 0 0 0 0 0
0 cos2 rb sin
2 rc 0 0 0 0 0 0
0 0 sin2 rb cos
2 rc 0 0 0 0 0
0 0 0 sin2 rb sin
2 rc cos rb cos rc 0 0 0
0 0 0 cos rb cos rc 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1


, (5a)
ρ
TBI
ABICI
=
1
2


cos2 rb cos
2 rc 0 0 0 0 0 0 0
0 cos2 rb sin
2 rc 0 0 0 0 0 0
0 0 sin2 rb cos
2 rc 0 0 cos rb cos rc 0 0
0 0 0 sin2 rb sin
2 rc 0 0 0 0
0 0 0 0 0 0 0 0
0 0 cos rb cos rc 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1


, (5b)
ρ
TCI
ABICI
=
1
2


cos2 rb cos
2 rc 0 0 0 0 0 0 0
0 cos2 rb sin
2 rc 0 0 0 0 cos rb cos rc 0
0 0 sin2 rb cos
2 rc 0 0 0 0 0
0 0 0 sin2 rb sin
2 rc 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 cos rb cos rc 0 0 0 0 0 0
0 0 0 0 0 0 0 1


. (5c)
Based on ρTAABICI , ρ
TBI
ABICI
and ρ
TCI
ABICI
, we can calculate pi-
tangle as [3]
piαβγ =
1
3
(piα + piβ + piαγ), (6)
where
piα = N 2α(βγ) −N 2αβ −N 2αγ , (7a)
piβ = N 2β(αγ) −N 2βα −N 2βγ , (7b)
piγ = N 2γ(αβ) −N 2γα −N 2γβ. (7c)
The so-called ”two-tangle”NAB = ‖ρTAAB‖− 1 represents the
negativity of the mixed state ρAB , while the ”one-tangle” is
given by NA(BC) = ‖ρTAABC‖ − 1, and ‖A‖ = tr(
√
AA†) is
the trace norm of matrix A, i.e. the sum of the singular values
of A [4]. Alternatively, ‖A‖ − 1 is equal to two times of the
sum of absolute values of negative eigenvalues of A.
NA(BICI) =
1
2
(√
sin4 rb sin
4 rc + 4 cos2 rb cos2 rc
− sin2 rb sin2 rc
)
, (8a)
3NBI(ACI) =
1
2
cos rc
(√
sin4 rb cos2 rc + 4 cos2 rb
− sin2 rb cos rc
)
, (8b)
NCI(ABI) =
1
2
cos rb
(√
cos2 rb sin
4 rc + 4 cos2 rc
− cos rb sin2 rc
)
. (8c)
Using our formulae of one-tangle, we find when Bob and
Charlie move with infinite acceleration (rb = rc = pi/4),
NA(BICI) = NBI (ACI) = NCI(ABI ) = (
√
17 − 1)/8 in-
stead of (1 − √5)/8. The first and third formulae of Eq.(19)
in [2] are correct, but the second one should be
NCI(ABI ) =
1
2
(√
4 cos2 rc + sin
4 rc − sin2 rc
)
. (9)
Because NABI = NACI = NBIA = NBICI = NCIA =
NCIBI = 0, equation (18) of [2] is still valid
piABICI =
1
3
(piA + piBI + piCI )
=
1
3
[
N 2A(BICI) +N 2BI (ACI) +N 2CI (ABI)
]
.(10)
To see the difference between our results and ones in [2], we
plot in Figs.1, 2 and 3, respectively the differences of one-
tangles calculated using Eqs.(1a), (1b), (1c) and ones derived
from Eqs.(8a), (8b), (8c). In these figures, ∆NA(BICI),
FIG. 1. (Color online) A plot of ∆NA(BICI) as a function of accel-
eration parameters rb and rc.
∆NBI (ACI) and ∆NCI (ABI) denote the differences of right
sides of Eqs.(1a), (8a), Eqs.(1b), (8b) as well as Eqs.(1c), (8c),
respectively. We also plot the difference of pi-tangle calculated
based on Eqs.(1a), (1b), (1c) and one obtained from Eqs.(8a),
(8b), (8c) in Fig.4. To further investigate the difference be-
tween our results and ones in [2] as illustrated in Fig.4, we
expand∆piA(BICI) as series of rb and rc to fifth order,
∆piA(BICI) ≈
1
12
(r4b+r
4
c)−
1
6
r2br
2
c (r
2
b+r
2
c)+
13
36
r4br
4
c . (11)
Figures 1, 2, 3, 4 and Eq.(11) show that the differences of one-
tangle and pi-tangle calculated according to Eqs.(1a), (1b),
FIG. 2. (Color online) A plot of ∆NBI(ACI) as function of acceler-
ation parameters rb and rc.
FIG. 3. (Color online) A plot of ∆NCI(ABI) as function of acceler-
ation parameters rb and rc.
(1c) and Eqs.(8a), (8b), (8c), respectively, become more ob-
vious for larger rb and rc. In conclusion, we have corrected
three key formulae about one-tangle of multipartite entangle-
ment of fermionic systems in noninertial frames in Phys. Rev.
A 83, 022314(2011) and illustrated their differences explic-
itly.
FIG. 4. (Color online) A plot of∆piA(BICI) as function of accelera-
tion parameters rb and rc.
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